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1. Introduction
It is well known that the theory of impulsive differential equations has become an important aspect of differential
equations. Differential equations with impulses provide an adequate mathematical model of many evolutionary processes
that suddenly change their states at certain moments (see [1–7]).
Recently, Cheng and Zhang [8], Wang [9] andWu [10] studied respectively the existence, multiplicity and non-existence
of positive periodic solutions for periodic differential equations without impulsive effect
y′(t) = −a(t)y(t)+ λh(t)f (y(t − τ(t)))
and
y′(t) = a(t)f (y(t))y(t)− λg(t, y(t − τ(t))).
In mathematical ecology, the above two equations include various models.
To the best of the authors’ knowledge, few authors have discussed the existence of at least three positive periodic
solutions for functional differential equations with impulses and parameters. By using the Leggett–Williams multiple fixed
point theorem we shall study the existence of multiple positive periodic solutions for the following functional differential
equations with impulses and a parameterx′(t) = −a(t)g(x(h1(t)))x(t)+ λb(t)f
(
t, x(h2(t)),
∫ 0
−ς
k(v)x(t + v)dv
)
, t 6= tj,
x(t+j ) = x(t−j )+ Ij(x(tj)), t = tj, j ∈ Z+,
(1.1)
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where λ > 0 is a positive parameter, k ∈ C([−ς, 0],R), ∫ 0−ς k(v)dv = 1, x(t+j ) and x(t−j ) represent the right and the left
limits of x(tj) and:
(H1) a ∈ C(R, [0,+∞)) is T -periodic and there exists t1 ∈ (0, T ) such that a(t1) > 0;
(H2) b ∈ C(R, [0,+∞)) is a p0T -periodic and there exists t2 ∈ (0, p0T ) such that b(t2) > 0;
(H3) h1 ∈ C(R,R) is p1T -periodic and h2 ∈ C(R,R) is p2T -periodic;
(H4) g ∈ C([0,∞), [0,∞)) and f ∈ C(R × [0,∞) × [0,∞), [0,∞)) is p3T -periodic with respect to its first argument,
0 < l ≤ g(u) ≤ L < ∞ for all u > 0, where l, L are two positive constants,
(H5) p is the least positive rational number such that
p
p0
, pp1 ,
p
p2
and pp3 are positive integers.
Throughout this paper, a function is called ω-periodic (ω > 0) means that the function is periodic of ω which
is the least positive period of the function. Hence pT = ω is the least positive period of the periodic functions
a(t), b(t), h1(t), h2(t), f (t, ·, ·). There exists a positive constant q such that tj+q = tj + ω, Ij+q(x(tj+q)) = Ij(x(tj)), j ∈ Z+.
Without loss of generality, we assume that [0, ω] ∩ {tj, j ∈ Z+} = {t1, t2, . . . , tq}.
2. Preliminaries
The following lemma is fundamental to our discussion. Since the method is similar to that in the literature [11], we omit
the proof.
Lemma 2.1. x(t) is an ω-periodic solution of Eq. (1.1) if and only if y(t) is an ω-periodic solution of the following:
x(t) = λ
∫ t+ω
t
b(s)G(t, s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj)), (2.1)
where
G(t, s) = e
∫ s
t a(θ)g(x(h1(θ))) dθ
e
∫ ω
0 a(θ)g(x(h1(θ))) dθ − 1 , s ∈ [t, t + ω].
Let X be a Banach space and K be a closed, non-empty subset of X. K is a cone provided:
(i) αu+ βv ∈ K for all u, v ∈ K and α, β ≥ 0;
(ii) u,−u ∈ K imply u = 0.
Define Kr = {x ∈ K | ‖x‖ ≤ r}. Let α(x) denote the positive continuous concave functional on K , that is α : K → [0,∞)
is continuous satisfying
α(λx+ (1− λ)y) ≥ λα(x)+ (1− λ)α(y) for any x, y ∈ K , 0 ≤ λ ≤ 1
and we denote the set K(α, a, b) = {x|x ∈ K , a ≤ α(x), ‖x‖ ≤ b}.
The following lemma cited from Ref. [12] is useful for the proof of our main results of this paper.
Lemma 2.2 ([12]). Let K be a cone of the real Banach space X and A : Kc → Kc be a completely continuous operator, and
suppose that there exists a concave positive functional α with α(x) ≤ ‖x‖ (x ∈ K) and numbers a, b, d with 0 < d < a < b ≤ c,
satisfying the following conditions:
(1) {x ∈ K(α, a, b) : α(x) > a} 6= ∅ and α(Ax) > a if x ∈ K(α, a, b);
(2) ‖Ax‖ < d if x ∈ Kd;
(3) α(Ax) > a for all x ∈ K(α, a, b) with ‖Ax‖ > b.
Then A has at least three fixed points in Kc .
In order to apply Lemma 2.2 to system (1.1), we consider the Banach space
X = {x|x ∈ PC(R), x(t + ω) = x(t)}
with the norm defined by ‖x‖ = supt∈[0,ω]{|x(t)|, x ∈ X}, where
PC(R) = {x : R→ R| x|(tj,tj+1) ∈ C(tj, tj+1), ∃x(t−j ) = x(tj), j ∈ Z+} .
Let the mapΦ be defined by
(Φx)(t) = λ
∫ t+ω
t
G(t, s)b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj)) (2.2)
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for x ∈ X, t ∈ R. Clearly,Φ is a completely continuous operator onX (see [1,13]). It is easy to see thatG(t+ω, s+ω) = G(t, s)
and
∂G(t, s)
∂t
= −a(t)g(x(h1(t)))G(t, s), G(t + ω, s+ ω) = G(t, s), G(t, t + ω)− G(t, t) = 1,
1
σ L − 1 ≤ G(t, s) ≤
σ l
σ l − 1 , s ∈ [t, t + ω], (2.3)
where σ = e
∫ ω
0 a(θ) dθ .
Define the cone K in X by
K = {x|x ∈ X, x(t) ≥ δ‖x‖, t ∈ [0, ω]} ,
where 0 < δ = σ l−1
σ l(σ L−1) < 1.
Lemma 2.3. Assume that (H1)–(H5) hold, thenΦ maps K into K .
Proof. For any x ∈ K , it is clear thatΦx ∈ C(R,R) and we have
(Φx)(t + ω) = λ
∫ t+2ω
t+ω
G(t + ω, s)b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj))
= λ
∫ t+ω
t
G(t + ω, u+ ω)b(u+ ω)f
(
u+ ω, x(h2(u+ ω)),
∫ 0
−ς
k(v)x(u+ ω + v) dv
)
du
+
∑
j:tj∈[t,t+ω]
G(t + ω, tj + ω)Ij(x(tj + ω))
= λ
∫ t+ω
t
G(t, u)b(u)f
(
u, x(h2(u)),
∫ 0
−ς
k(v)x(u+ v) dv
)
du+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj))
= (Φx)(t).
Thus, (Φx)(t + ω) = (Φx)(t), t ∈ R. SoΦx ∈ X. In view of (2.2) and (2.3), for x ∈ K , t ∈ [0, ω], we have
‖Φx‖ ≤ λσ
l
σ l − 1
∫ t+ω
t
b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
Ij(x(tj))

and
(Φx)(t) ≥ λ
σ L − 1
∫ t+ω
t
b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
Ij(x(tj))

≥ δ‖Φx‖.
Hence,Φx ∈ K . The proof of Lemma 2.3 is complete. 
For convenience in the following discussion, we introduce the following notations:
f 0 = lim
u→0 sup maxt∈[0,ω]
f
(
t, u,
∫ 0
−ς k(v)u(s+ v)dv
)
u
, I0 = lim sup
u→0
q∑
j=1
Ij(u)
u
,
f∞ = lim
u→∞ sup maxt∈[0,ω]
f
(
t, u,
∫ 0
−ς k(v)u(s+ v)dv
)
u
, I∞ = lim sup
u→∞
q∑
j=1
Ij(u)
u
and for b > 0, we define
I(b) = min
δb≤u≤b
q∑
j=1
Ij(u).
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3. Main result
Our main result of this paper is as follows:
Theorem 3.1. Assume that (H1)–(H5) hold, there exists a number b > 0 such that the following conditions:
(i) f
(
t, u,
∫ 0
−ς k(v)u(t + v)dv
)
+ σ L
σ L−1 I(b) > σ
Lu for δb ≤ u ≤ b, t ∈ R;
(ii) f 0 + I0 < σ l−1
σ l
, f∞ + I∞ < σ l−1
σ l
;
hold. Then system (1.1) has at least three positive ω-periodic solutions for
σ L − 1
σ L
∫ t+ω
t b(s) ds
< λ <
1∫ t+ω
t b(s) ds
.
Proof. By the condition f∞ + I∞ < σ l−1
σ l
of (ii), one can find that for
σ l−1
σ l
− (f∞ + I∞)
2
> ε > 0,
there exists a C0 > b such that
f
(
s, u,
∫ 0
−ς
k(v)u(s+ v) dv
)
≤ (f∞ + ε)u,
q∑
j=1
Ij(u) ≤ (I∞ + ε)u,
where u > C0.
Let C1 = C0/δ, if x ∈ K , ‖x‖ > C1, then x > C0 and we have
(Φx)(t) = λ
∫ t+ω
t
G(t, s)b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj))
≤ λσ
l
σ l − 1
∫ t+ω
t
(f∞ + ε)b(s)‖x‖ ds+ σ
l(I∞ + ε)
σ l − 1 x(tj)
≤ λσ
l(f∞ + ε)
σ l − 1 ‖x‖
∫ t+ω
t
b(s) ds+ σ
l(I∞ + ε)
σ l − 1 ‖x‖
=
[
λσ l(f∞ + ε)
σ l − 1
∫ t+ω
t
b(s) ds+ σ
l(I∞ + ε)
σ l − 1
]
‖x‖
< ‖x‖. (3.1)
Take KC1 = {x|x ∈ K , ‖x‖ ≤ C1}, then the set KC1 is a bounded set. According to thatΦ is completely continuous, thenΦ
maps bounded sets into bounded sets and there exists a number C2 such that
‖Φx‖ ≤ C2 for any x ∈ KC1 .
If C2 ≤ C1, we deduce that Φ : KC1 → KC1 is completely continuous. If C1 < C2, then from (3.1), we know that for any
x ∈ KC2 \ KC1 , ‖x‖ > C1 and ‖Φx‖ < ‖x‖ < C2 hold. Thus we have Φ : KC2 → KC2 is completely continuous. Now, take
c = max{C1, C2}, obviously c > b, thenΦ : Kc → Kc is completely continuous.
Denote the positive continuous concave functional α(x) as α(x) = mint∈[0,ω] |x(t)|. First, we let a = δb and take
x ≡ a+b2 , x ∈ K(α, a, b), α(x) > a, then the set {x ∈ K(α, a, b)} 6= ∅. By (i), if x ∈ K(α, a, b), then α(x) ≥ a, and we
have
α(Φx) = min
t∈[0,ω]
{
λ
∫ t+ω
t
G(t, s)b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
q∑
j=1
G(t, tj)Ij(x(tj))
}
≥ min
t∈[0,ω]
{
λ
σ L − 1
∫ t+ω
t
b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+ 1
σ L − 1
q∑
j=1
Ij(x(tj))
}
>
λ
σ L − 1
(
σ Lα(x)− σ
L
σ L − 1 I(b)
)∫ t+ω
t
b(s) ds+ 1
σ L − 1 I(b)
= α(x) ≥ a.
Hence condition (1) of Lemma 2.2 holds.
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Secondly, by the f 0 + I0 < σ l−1
σ l
condition of (ii), one can find that for
σ l−1
σ l
− (f 0 + I0)
2
> ε > 0,
there exists a 0 < d < a such that
f
(
s, u,
∫ 0
−ς
k(v)u(s+ v) dv
)
≤ (f 0 + ε)u,
q∑
j=1
Ij(u) ≤ (I0 + ε)u,
where 0 ≤ u ≤ d. If x ∈ Kd = {x|‖x‖ ≤ d}, we have
(Φx)(t) = λ
∫ t+ω
t
G(t, s)b(s)f
(
s, x(h2(s)),
∫ 0
−ς
k(v)x(s+ v) dv
)
ds+
∑
j:tj∈[t,t+ω]
G(t, tj)Ij(x(tj))
≤ σ
lλ
σ l − 1
∫ t+ω
t
(f 0 + ε)b(s)‖x‖ ds+ σ
l(I0 + ε)
σ l − 1 x(tj)
≤ λσ
l(f 0 + ε)
σ l − 1 ‖x‖
∫ t+ω
t
b(s) ds+ σ
l(I0 + ε)
σ l − 1 ‖x‖
=
[
λσ l(f 0 + ε)
σ l − 1
∫ t+ω
t
b(s) ds+ σ
l(I0 + ε)
σ l − 1
]
‖x‖
< ‖x‖ ≤ d.
That is, condition (2) of Lemma 2.2 holds.
Finally, if x ∈ K(α, a, c)with ‖Φx‖ > b, by the definition of the cone K , we have
Φx ≥ δ‖Φx‖ > δb = a,
which implies that condition (3) of Lemma 2.2 holds. Therefore, by Lemma 2.2, we obtain that the operator Φ has at least
three fixed points in Kc . The proof of Theorem 3.1 is complete. 
Corollary 3.1. Using the following
(ii∗) f 0 = 0, I0 = 0, f∞ = 0, I∞ = 0.
instead of (ii) in Theorem 3.1, the conclusion of Theorem 3.1 remains true.
4. An example
An example. Our results can be applied to a class of nonlinearities. Consider the following equation:
d
dt
x(t) = − 1
2pi
(
1
3
+ e−x(t)
)
x(t)+ λ(1− sin t)x2(t)e−
∫ 0
−pi x(t−v)dv, t 6= tj,
1x(t) = 0.1x3(tj)e−3x(tj), t = tj, j ∈ Z+,
(4.1)
whereλ is a non-negative parameter. In this case, a(t) = 12pi , b(t) = 1−sin t , j = 2k, k = 1, 2, . . . , g(x(h1(t))) = 13+e−x(t),
and f
(
t, x(h2(t)),
∫ 0
−pi k(v)x(t + v)dv
)
= x2(t)e−
∫ 0
−ς x(t−v)dv . Clearly, L = 43 , l = 13 and β = 1. According to Corollary 3.1,
Eq. (4.1) has at least three positive periodic solutions.
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